We study conformal maps from lemniscatic domains onto multiply connected domains in the extended complex plane. Walsh proved the existence of such maps in 1956 and thus obtained a direct generalization of the Riemann mapping theorem to multiply connected domains. We prove some additional results about these maps with a focus on their uniqueness and symmetry properties. Moreover, we explicitly construct such maps for certain radial slit domains and circular domains.
Introduction
Let K be any simply connected domain (open and connected set) in the extended complex plane C with ∞ ∈ K and with at least two boundary points. Then the Riemann mapping theorem guarantees the existence of a conformal map ψ from the exterior of the unit disk onto K, which is uniquely determined by the normalization conditions ψ(∞) = ∞ and ψ (∞) > 0. The exterior of the unit disk therefore is considered the canonical domain every such domain K can be conformally identified with (in the Riemann sense). For domains K that are not simply connected the conformal identification with a suitable canonical domain is significantly more challenging. This fact has been well described already by Nehari in his classical monograph on conformal mappings from 1952 [29, Chapter 7] , which identified five of the "more important" canonical slit domains (originally due to Koebe [22, p. 311] ).
In recent years there has been a surge of interest in the theory and computation of conformal maps for multiply-connected sets, which has been driven by the wealth of applications of conformal mapping techniques throughout the mathematical sciences. Many recent publications have dealt with canonical slit domains as those described by Nehari; see, e.g., [1, 5, 9, 12, 27, 28] . A related line of recent research in this context has focussed on the theory and computation of Schwarz-Christoffel mapping formulas from (the exterior of) finitely many non-intersecting disks (circular domains, see, e.g., [19] ) onto (the exterior of) the same number of non-intersecting polygons; see, e.g., [3, 4, 7, 8, 10] . A review and comparison of both approaches is given in [11] .
In this work we explore yet another idea which goes back to a paper of Walsh from 1956 [34] . Walsh's canonical domain is a lemiscatic domain of the form L := {w ∈ C : |U (w)| > µ}, where U (w) :
a 1 , . . . , a n ∈ C are pairwise distinct, m 1 , . . . , m n > 0 satisfy n j=1 m j = 1, and µ > 0. Walsh proved that if K is the exterior of n ≥ 1 non-intersecting simply connected components, then K can be conformally identified with some lemniscatic domain L of the form (1); see Theorem 2.1 below for the complete statement. Walsh's theorem is a direct generalization of the Riemann mapping theorem, and for n = 1 the two results are in fact equivalent. Alternative proofs of Walsh's theorem were given by Grunsky [15, 16] (see also [17, Theorem 3.8.3] ), Jenkins [21] and Landau [23] . For some further remarks on Walsh's theorem we refer to Gaier's commentary in Walsh's Selected Papers [37, pp. 374-377] .
To our knowledge, apart from the different existence proofs, conformal maps related to Walsh's lemniscatic domains, which we call lemniscatic conformal maps, have rarely been studied. In particular, we are not aware of any example for lemniscatic conformal maps in the previously published literature. In this work we prove some new general results about the properties of lemniscatic domains and lemniscatic conformal maps, and we use these results in the derivation of examples for this function. We believe that our results are of interest not only from a theoretical but also from a practi-cal point of view. Analogously to the construction of the classical Faber polynomials on compact and simply connected sets (cf. [6, 32] ), lemniscatic conformal maps allow to define generalised Faber polynomials on compact sets with several components; see [35] . While the classical Faber polynomials have found a wide range of applications in particular in numerical linear algebra (see, e.g., [2, 20, 25, 26, 31] ) and more general numerical polynomial approximation (see, e.g., [13, 14] ), the Faber-Walsh polynomials have not been used for similar purposes yet, as no explicit examples for lemniscatic conformal maps have been known. In a follow-up paper of this work we will present more details on the theory of Faber-Walsh polynomials as well as explicitly computed examples.
This paper is organised as follows. In Section 2 we state Walsh's theorem, discuss the uniqueness of the canonical domain, and study properties of lemniscatic conformal maps with a focus on their symmetry properties. We then give two analytic examples for lemniscatic conformal maps: In Section 3 for sets K exterior to n radial slits (of same length), and in Section 4 for sets K exterior to two equal disks. Some brief concluding remarks in Section 5 close the paper.
Properties of lemniscatic conformal maps
We start with Walsh's existence result [34, Theorem 3] , which shows that lemniscatic domains are canonical domains for certain n-times connected domains.
Theorem 2.1. Let E := ∪ n j=1 E j , where E 1 , . . . , E n ⊆ C are mutually exterior simply connected compact sets (none a single point). Then there exist a lemniscatic domain L of the form (1) with µ > 0 equal to the logarithmic capacity of E, and a bijective conformal mapping
The function ψ is called a lemniscatic conformal map (for E).
Note that the function U in the definition of L is an analytic but in general multiple-valued function. Its absolute value is, however, single-valued. For n = 1, a lemniscatic domain is the exterior of a circle. Thus, lemniscatic domains generalise the exterior of the unit disk present in the Riemann mapping theorem. The fact that the logarithmic capacity of E is equal to µ was shown by Walsh in [35, p. 28] .
In [34, Theorems 3 and 4] Walsh showed existence and uniqueness of the conformal map ψ and lemniscatic domain L up to a Möbius transformation (for a more general class of canonical domains). The normalisation (2) in Theorem 2.1 implies that the Möbius transformation is actually a translation. This fact has already been noted by Motzkin in his MathSciNet review of [35] . For completeness we formally state this result.
are lemniscatic domains, and ψ : L → K and ψ : L → K are conformal maps in the sense of in Theorem 2.1, then
If ψ : L → K is a lemniscatic conformal map and τ is a translation,
Without loss of generality we may therefore assume that the Laurent series of ψ has the form
If we impose the normalisation (3), then ψ is uniquely determined. However, instead of (3) we usually assume only ψ(∞) = ∞ and ψ (∞) = 1 as in Theorem 2.1.
Lemniscatic conformal maps and transformations of the domain
We now study how a known lemniscatic conformal map gives a lemniscatic conformal map for certain related sets. First, let K = C\E, L and ψ : L → K be as in Theorem 2.1. Let G and H denote the Green's functions with pole at infinity for the domains K and L, respectively. It is easy to show that H(w) = log |U (w)| − log(µ) and that H = G • ψ. (The existence of G follows also from [36, p. 65] .) For any σ > 1 the corresponding level curves of G and H are The set E consisting of three radial slits (solid) and the "thickened" set Γ σ for σ = 1.15 (dashed). Right: The corresponding lemniscatic domains.
In particular, Γ σ = ψ(Λ σ ), and thus
is a lemniscatic conformal map for the closed interior of Γ σ , provided Γ σ still has n components. (This holds when the zeros of G lie exterior to the level curve Γ σ .) Hence a "thickened" version of the given set E may still have the same lemniscatic conformal map as E itself. An illustration is given in Figure 1 , which shows the set E from Theorem 3.1 below (with parameters n = 3, C = 1 and D = 2) and Γ σ for σ = 1.15 as well as the corresponding lemniscatic domains. The next result shows how a linear transformation of the set E affects the lemniscatic conformal map. Proposition 2.3. In the notation of Theorem 2.1, consider a linear transformation τ (w) = aw + b with a = 0, then
Proof. With w = τ (w) = aw + b we have
is a bijective and conformal map with
Proposition 2.3 can be applied to the lemniscatic conformal maps we will derive in Sections 3 and 4 in order to obtain lemniscatic conformal maps for further compact sets.
Symmetry properties of the domain and the lemniscatic conformal map
For sets K ⊆ C having a certain symmetry property we show that there exists a lemniscatic conformal map with a corresponding symmetry property, and we characterise all such functions. The idea of symmetry can be used to simplify the construction of lemniscatic conformal maps. We will use this idea (implicitly) in the proof of Theorem 3.1 below.
A set K ⊆ C is symmetric with respect to the origin when K = −K := {−z : z ∈ K}. Symmetry of K with respect to the real axis means that K = K * := {z : z ∈ K}, and symmetry of K with respect to the imaginary axis means K = −K * . Proposition 2.4. In the notation of Theorem 2.1, let Φ = ψ −1 be the conformal map from K = C\E onto L = {w ∈ C : |U (w)| > µ} with
at infinity.
In each case ψ = Φ −1 has the same symmetry properties as Φ.
Proof. 1. Define the function Φ on K by Φ(z) := −Φ(−z). Then Φ is conformal and satisfies Φ(∞) = ∞ and Φ (∞) = 1. We have
where we used that −K = K. Since L is a lemniscatic domain, there exists a translation w = τ (w) = w + b such that Φ = τ • Φ on K; see Proposition 2.2.
With the normalisation (4) of Φ we find
Since L = −L, we have |U (w)| > µ if and only if |U (−w)| > µ, which implies |U (w)| = µ = |U (−w)| for w ∈ ∂L. Then log |U (w)| − log(µ) and log |U (−w)| − log(µ) are both Green's function with pole at infinity for L. Since this function is unique, |U (w)| = |U (−w)| holds for all w ∈ L.
2. We proceed as in the proof of 1. Denote U (w) = n j=1 |w − a j | m j and define the function Φ on K by Φ(z) := Φ(z). Then It remains to show that symmetry properties of Φ carry over to ψ = Φ −1 . Suppose first that Φ(z) = Φ(z) holds for all z ∈ K. Writing w = Φ(z) we compute
A similar argument applies in the other cases.
We now characterise all lemniscatic conformal maps having the same symmetry as the underlying set K. 3 Lemniscatic conformal map for n radial slits
We analytically construct the lemniscatic conformal map for the set E that consists of n radial slits about the origin (equispaced and of same length); see Figure 2 . For n = 2 the set E is the union of two intervals. Theorem 3.1. Let 0 < µ < a and n ≥ 2. Then
where we take the principal branch of the n-th root, conformally maps L = {w ∈ C : |w n − a n | > µ n } onto C with the n slits e
], k = 1, 2, . . . , n, and satisfies the normalisation (3).
Then (5) maps L conformally onto K = C\E.
Proof. We denote S := {w ∈ C : − π n < arg(w) < π n } and first construct ψ in L ∩ S. We then extend ψ to all L using the Schwarz reflection principle. We construct a succesion of bijective conformal maps resulting in the desired mapping, see Figure 3: 1. The function w 1 = ψ 1 (w) = w n maps {w ∈ S : |w n − a n | > µ n } conformally onto {w 1 ∈ C : |w 1 − a n | > µ n }\ ] − ∞, 0]. 2. The scaled and shifted Joukowski map
w 1 −a n + a n + µ 2n a n = w 1 + µ 2n w 1 −a n + µ 2n a n maps this domain onto the exterior of ]
3. Finally z = ψ 3 (w 2 ) = w 1 n 2 , where we take the principal branch of the n-th root, maps this domain onto S\[
Since each ψ j is a conformal and bijective map, the composition ψ := ψ 3 • ψ 2 • ψ 1 is a conformal and bijective map from {w ∈ S : |w n − a n | > µ n } onto S\[
]. A short computation shows that ψ(w) = (w n (1 + µ 2n a n 1 w n −a n ))
which is the function ψ in (5). Next we show that ψ has the desired properties. For w ∈ L we have | µ 2n a n 1 w n −a n | ≤ µ n a n < 1, so that w → (1 + µ 2n a n 1 w n −a n ) 1 n is analytic and singlevalued in L (principal branch). Thus ψ is analytic in L and is the analytic continuation of ψ; see (7) . To show that ψ satisfies (3) we investigate the n-th root term. In a neighbourhood of infinity we have
For w → ∞ we obtain d 0 = 1 1 n = 1. Taking the n-th power in (8) then gives 1 + µ 2n a n 1 w n −a n = 1 + showing that d 1 = 0. Thus we have
i.e., the function ψ satisfies (3). Next we show that ψ is conformal in L. We compute
w n −a n + µ 2n a n −w n (w n −a n ) 2 = (1 + µ 2n a n 1 w n −a n )
Hence ψ (w) = 0 if and only if w n − a n = ±µ n . These are points on the boundary of L, more precisely, these are the intersection points of |w n −a n | = µ n and the half-lines arg(w) = 2kπ n . Thus ψ is conformal in L, but not in L.
To finish the proof of the first part, note that (the analytic continuation of) ψ maps the half-lines arg(w) = ± π n onto themselves and thus can be extended by the Schwarz reflection principle. This shows that the (unique) analytic continuation ψ of ψ maps L onto the extended complex plane with the n slits e
If the endpoints C and D of the intervals are given and if a and µ are defined by (6), we compute (a n − µ n ) 2 = a n C n and (a n + µ n ) 2 = a n D n , which completes the proof.
From Section 2.1 we know that ψ is also a lemniscatic conformal map for the closed interior of the level curve Γ σ of Green's function, if µ < σµ < a. We quickly derive a representation of Γ σ = ψ(Λ σ ) following the construction of ψ. Let the notation be as in the proof of Theorem 3.1. The part of Λ σ = {w ∈ C : |w n − a n | = (σµ) n } lying in the sector S is mapped by w 1 = w n onto the circle |w 1 − a n | = (σµ) n . Equivalently we can write (Re(w 1 ) − a n ) 2 + Im(w 1 ) 2 = (σµ) 2n . This circle is mapped by ψ 2 to the ellipse 
See Figure 1 for an illustration (with parameters C = 1, D = 2 and σ = 1.15).
Let us consider the important special case n = 2, where E is composed of two real intervals symmetric about the origin.
where we take the principal branch of the square root, conformally maps
a ]) and satisfies the normalisation (3) .
. Then (9) has the form
and ψ maps L conformally onto K = C\E.
Using Proposition 2.3 we immediately obtain the lemniscatic conformal map for two intervals of same length that are not necessarily symmetric with respect to the origin. We end this section by discussing some properties of ψ from (9) . First, it is not difficult to compute its inverse, which is given by
with suitably chosen branches of the square root. Further, the discussion below Theorem 3.1 shows that ψ is also a lemniscatic conformal map for the closed interior of Γ σ = z = x + iy :
if µ < σµ < a, which is the image of an ellipse under the square root. The function ψ : L → K from (9) can be continued analytically (but not conformally) in the interior of the lemniscate {w : |w 2 − a 2 | = µ 2 }. Figure 4 shows a phase portrait of this analytic continuation for the parameters a = 1 and µ = 0.95. See [38, 39] for details on phase portraits. The black and white dots are zeros and poles of ψ, respectively, while the black crosses denote the zeros of ψ , i.e., the points where ψ is not conformal. The zeros of ψ are 0 and ±
. Note the discontinuity of the phase between the zero and pole of ψ in Figure 4(b) . This suggests that ψ will be analytic and single-valued exterior to {w ∈ C : |U (w)| > µ 2 a }.
Lemniscatic conformal map for two equal disks
We analytically construct the lemniscatic conformal map for the union of two equal disks. We use the following conformal map from [29, pp. 293-295] . Here we give a more detailed study of its properties because they are needed in the proof of Theorem 4.2 below.
Lemma 4.1. Let 0 < ρ < 1. Then the function
conformally maps 1. the annulus ρ < |z| < ρ −1 onto the w-plane with the slits
1 L ≤ w < ∞, and 2. the annulus ρ < |z| < 1 onto the unit disk with the slit −L ≤ w ≤ L. Here
dt is the quarter of the real period of sn(z; k), and the modulus k is given by k = L 2 , where
Further we have f (−1) = −1 and
We construct f by mapping the upper half of the annulus ρ < |z| < 1.
The positive number K will be determined later, 4. w = L sn(z 3 ; k). In the last step, the elliptic sine sn(z 3 ; k) maps the rectangle with the vertices K, K +iK , −K +iK and −K onto the upper half-plane, and the vertices to 1,
π K denote as usual the lengths of the sides of the rectangle mapped by sn(z 3 ; k), see [29, pp. 281-282] . Note that K, K and k are still to be determined in such a way that they fit with ρ and L. The number L is determined such that the vertices of the rectangle are mapped to the points
holds. Now, k and thus L can be recovered from the quotient
, which yields (11); see [29, pp. 293-295] for details. The composition w = f (z) of the four maps gives (10) . Note that f is independent of the choice of the branch of log(z 1 ).
By the Schwarz reflection principle, f extends to a conformal map from the whole annulus ρ < |z| < 
We show that f maps the annulus ρ < |z| < 1 onto the unit disk with a slit from −L to L. Note that the upper half of the annulus ρ < |z| < 1 ρ and the upper half-plane are both invariant under reflection at the unit circle, i.e., under z →z −1 . Thus g(z) = (f (z −1 )) −1 maps the upper half of the annulus onto the upper half-plane. Since f and g coincide in the boundary points ±ρ and ± 1 ρ , they are equal in the upper half of the annulus as a consequence of [18, Theorem 5.10g ]. But f = g implies that f maps the unit circle onto itself. This has two consequences. First, we have f (±1) = ±1. Second, f maps the upper half of ρ < |z| < 1 onto the upper half of the unit disk and the whole annulus onto the unit disk slit from −L to L.
It remains to compute f (−1). Recall the identity sn (z; k) = cn(z; k) dn(z; k), where cn(z; k) = 1 − sn(z; k) 2 , cn(0) = 1, and dn(z) = 1 − k 2 sn(z; k) 2 , dn(0) = 1. We compute 
see [40, p . 500], we obtain
In the last equality we used k = L 2 .
We now construct a lemniscatic conformal map for the union of two disks, using the lemniscatic conformal map for two intervals from Corollary 3.2 and the function f from Lemma 4.1. 
where T (z) = Proof. Before we show that ψ is a lemniscatic conformal map for the union of the two disks, we will study the mapping properties of the function
defined on the exterior of the two disks; see Figure 6 . We compute the images of the two circles |z ± z 0 | = r under z 1 = T (z). Since T maps −1, 0, 1 onto 0, 1, ∞, respectively, T maps R to R (with the same orientation). We have Note that g has a simple pole at infinity, since it is a conformal map in a (deleted) neighbourhood of the point at infinity. The derivative of g is g (z) = (T −1 ) (f (T (z))) f (T (z)) T (z).
We compute T (z) = Inserting this into the expression for g and taking the limit we find so that ψ is a lemniscatic conformal map for the two disks.
Concluding remarks
In this article we investigated properties of lemniscatic conformal maps, i.e., conformal maps from lemniscatic domains onto multiply-connected domains in the extended complex plane. In addition to some new results about symmetry properties of such maps we constructed the first (to our knowledge) analytic examples: One for the exterior of n radial slits, and one for the exterior of two disks.
